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Abstract

The Soret effect on thermal natural convection within a horizontal porous enclosure heated uniformly from below by a constant
heat flux is studied analytically and numerically using the Brinkman—extended Darcy model along with the Boussinesq approxima-
tion. The governing parameters of the problem are the Darcy—Rayleigh number, Ry, the Lewis number, Le, the separation para-
meter, ¢, the Darcy number, Da, and the aspect ratio of the enclosure, 4,. In the limit of a shallow enclosure, an analytical closed
form solution is obtained on the basis of a parallel flow approximation. A numerical study is also conducted to validate the results of
the analytical predictions. The thresholds for the onset of stationary and finite amplitude convection are determined explicitly as func-
tion of Le, ¢ and Da. The obtained results show that in the ¢p—Le plane there exists three regions that correspond to different parallel
flow regimes, namely the subcritical and supercritical flows. The separation parameter has a strong effect on the threshold of insta-
bilities and on the characteristics of heat and mass transfer. The threshold for Hopf bifurcation is obtained on the basis of the linear
stability analysis. The wavenumber and the oscillation frequency at the onset of instabilities are null for an infinite extent layer.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Recent interest in the study of thermal and solutal
diffusion in fluid and porous media has been motivated
by its diverse engineering applications such as in hydrol-
ogy, petrology, material processing technology where
melting and solidification of binary alloys are involved,
and geophysics. Convection in horizontal systems of
multi-component fluids subject to vertical gradient of
temperature has received considerable interest during
the two last decades. Typically, the system considered
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is a horizontal layer of a binary fluid in a uniform grav-
itational field. Such system, becomes unstable when
heated from below and generates solute concentration
gradient known as the Soret effect, which is character-
ized by the separation parameter, ¢, proportional to
the thermodiffusion coefficient D’. When ¢ is positive,
the heavier component migrates towards the cold upper
wall, and to the bottom heated wall when ¢ is negative.
In the former case, instabilities, that set in at the thresh-
old of stationary convection, grow in a monotonic man-
ner. In the latter case, subcritical and overstable
convection may exist below the threshold of stationary
convection. Beyond, the onset of overstability (Hopf
bifurcation), instabilities grow in an oscillatory manner.
The final state could be stationary or oscillatory leading
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Nomenclature

A, aspect ratio of the porous matrix, L'/H’
(dimensionless)

D mass diffusivity (m?/s)

D’ thermodiffusion coefficient (m%/K s)

Da Darcy number, ,ueK/,uH'2 (dimensionless)

g gravitational acceleration (m/s”)

H height of the porous cavity (m)

K permeability of the porous medium (m?)

L length of the porous cavity (m)

Le Lewis number, /D (dimensionless)

Nu Nusselt number, Eq. (9) (dimensionless)

q constant heat flux per unit area

Rt thermal Darcy-Rayleigh number, gftKAT H'/
(av) (dimensionless)
Rrc critical thermal Rayleigh number (dimension-

less)

S dimensionless solute concentration, S =S’/
AS’

Sh Sherwood number, Eq. (9) (dimension-
less)

AS’ characteristic difference of solute concentra-
tion, AS' = —AT'S,D'/D (kg/m®)

t dimensionless time, #'a/c L

T dimensionless temperature, 7 = (7' — T})/
AT

T, reference temperature (K)

AT characteristic  difference of temperature,

AT =q'H'I) (K)

(u,v)  dimensionless velocities in (x,y) directions
(W' H'loa,v"H'l)

(x,y)  dimensionless coordinates (x'/H’,y'/H")

Greeks

o thermal diffusivity of the porous medium, A/
(p C) (m’fs)

Ps solutal expansion coefficient (m*/kg)

P thermal expansion coefficient (K"

€ normalized porosity, ¢'/c (dimensionless)

1) separation parameter, ¢ = fsAS'/(fTAT’)
(dimensionless)

A thermal conductivity of the saturated porous

medium (W/m? K)
kinematic viscosity of the fluid (m%/s)

v

In dynamic viscosity of the fluid (kg/s m?)

Lo effective viscosity (kg/s m?)

p density of the fluid mixture (kg/m’)

(pCO)r  heat capacity of the fluid (W/K)

(pC)s heat capacity of the saturated porous med-
ium (W/K)

o heat capacity ratio, (pC)r/(pC)s (dimension-
less)

v dimensionless stream function, y'/o

4 dimensionless vorticity, UH

Subscripts

C critical value

max maximum value

Superscripts
! dimensional variable
Hopf Hopf bifurcation
sub subcritical

sup supercritical

to stationary or traveling waves. Below the threshold of
overstabilities, the system becomes unstable only to fi-
nite amplitude perturbations.

Earlier, Hurle and Jakeman (1971) studied experi-
mentally and theoretically thermosolutal convection dri-
ven by the Soret effect within a horizontal layer filled
with a water—-methanol mixture and heated from below.
Above the threshold of Hopf bifurcation, the flow ini-
tially oscillated and then bifurcated towards a finite
amplitude flow. The theoretical prediction for the
threshold of instability was consistent with the experi-
mental results. The hydrodynamic stability in non-reac-
tive binary fluids within a large horizontal aspect ratio
layer heated from below or from above was investigated
by Gutkowicz-Krusin et al. (1979a,b). The thresholds of
stationary and oscillatory convection were predicted
using the variational approach. The wavenumber and
the oscillation frequency were obtained as functions of
the governing parameters. The effect of different thermal
boundary conditions was considered by Knobloch and

Moore (1988) in a horizontal cavity filled with 3He-
4He fluid mixtures. Non-slip boundary conditions and
a zero outward mass flux were considered to simulate
experimental boundary conditions. On the basis of the
linear stability analysis, the thresholds for the onset of
stationary and oscillatory convection were predicted
for different flow mixtures and thermal boundary condi-
tions, and the codimension-2 point was determined. Re-
sults concerning the influence of Soret-induced solutal
buoyancy forces on natural convection of an initially
uniform concentration fluid contained in an enclosure
heated from the side have been reported by Bergman
and Srinivasan (1989). The authors found that, for real
fluids, Soret contributions to the hydrodynamic mecha-
nisms, which were responsible for variations in heat
transfer rates, were apparently limited to water-based
binary solutions near the density inversion temperature.
Chavepeyer et al. (1999) investigated numerically the
influence of the Soret effect on Marangoni convection
in rectangular enclosures heated from the side. The sur-
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face flow was found to inhibit the Soret separation down
to the percent order.

In saturated porous enclosures, Karcher and Miiller
(1994) studied the Bénard convection of a binary liquid
in a porous medium. The authors found that the mixture
displayed negative Soret effects and showed a non-linear
temperature dependence of the binary fluid density. For
the case of a two-dimensional convection, traveling
waves and steady-state solutions were observed. Thermo-
gravitational separation in a binary mixture con-
tained within a differentially heated enclosure with the
presence of obstacles was studied numerically by Cha-
vepeyer and Platten (1998). The Soret coefficient was
found to be independent of the presence of the obstacles
when considering a pure thermal diffusive regime. The
onset of thermogravitational diffusion in a porous med-
ium saturated with a binary mixture subjected to Soret
effect was investigated numerically by Marcoux et al.
(1998). The case of opposing and equal solutal and ther-
mal buoyancy forces was considered. The thresholds of
instability were obtained for various aspect ratios. Their
numerical results showed different flow structures and
the existence of time-periodic oscillatory solutions. Be-
nano-Melly et al. (2001) considered thermal diffusion in-
duced by a horizontal thermal gradient in a binary
mixture within a porous medium. Their study showed
that, depending on the Soret coefficient value, multiple
convective flow patterns can develop when solutal and
thermal buoyancy forces are opposing each other. Using
the Galerkin technique, the onset of thermosolutal con-
vection in a fluid saturated horizontal porous layer, sub-
ject to a gravity gradient was studied by Alex and Patil
(2001). The authors showed that the Soret parameter af-
fects the convective pattern only when its magnitude is
large enough, in both the presence and the absence of
gravity field variations. The onset of Soret-driven con-
vection in a shallow porous enclosure saturated with a
binary fluid has been discussed recently by Sovran
et al. (2001). Heating from below or from the top, the
criteria for the onset of motion via a stationary, Hopf
bifurcation and oscillatory convection were derived.
More recently, Bahloul et al. (2003) studied numerically
and analytically, natural convection in a horizontal
Darcy porous layer filled by a binary fluid. Both cases
of double-diffusive and Soret-induced convections were
considered. The critical Rayleigh numbers for the onset
of supercritical, overstable and oscillatory convections
were determined in terms of the governing parameters.

In the present study, the Brinkman—extented Darcy
model is considered for a sparsely packed porous med-
ium, which is an extention of a previous preliminary
work using Darcy model by Bourich et al. (2002). The
influence of the Soret effect on the natural convective
flows induced within a shallow enclosure heated from
below by a constant flux of heat were studied. Assuming
parallel flow in the central region of the enclosure, an

analytical solution is presented to predict explicitely
the thresholds of stationary and finite amplitude flows,
and heat and mass transfer characteristics. A numerical
solution of the full governing equations is also presented
for finite aspect ratio of the enclosure to validate the
analytical results. The results showed a good agreement
between the analytical predictions and the numerical
simulations when the aspect ratio of the enclosure is
large enough. A linear stability analysis is also carried
out to investigate the onset of overstabilities.

2. Mathematical formulation

The system under study is a two-dimensional hori-
zontal porous layer of width L’ and height H’. The ori-
gin of the coordinate system (x’ is the horizontal axis
and y’ is the vertical axis opposing gravity) is taken at
the center of the cavity. All boundaries of the porous
matrix are assumed rigid and impermeable. The short
vertical walls of the porous layer are adiabatic while a
uniform flux of heat, ¢’, is imposed on its long horizon-
tal walls. The porous matrix is assumed isotropic and
homogeneous, and the Brinkman-extended Darcy law
is adopted. The diluted binary solution that saturates
the porous matrix, with an initial uniform concentra-
tion, is modeled as a Boussinesq incompressible fluid
whose density varies according to

p = poll = Br(T" = Ty) — Bs(S" — Sy)] (1)

where po is the binary fluid density at temperature
T' =T, and concentration S’ = S;. The subscript 0 re-
fers to conditions at the origin of the coordinates
system.

Using the vorticity-stream function formulation, the
dimensionless governing equations are written as
follows:

CDaV2C+RT<Z§+¢Zi) (2)
V2T=%—€+uaa—§+vz—§ (3)
i(vZS—va)zgaa—ijuaa—ng—i (4)
VY = ¢ ®)
N (6)

The hydrodynamic, thermal and concentration
boundary conditions are
o

wza_ov

oT oS

= +4,/2, ==
x / =5 =0 (7a)
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31/ or oS
y==x1/2, l//—ay—(), IR 1 (7b)
Eqgs. (2)-(7) indicate that the present problem is gov-
erned by five dimensionless parameters. Namely, the
thermal Darcy—Rayleigh number, Ry, the Lewis num-
ber, Le, the separation parameter, ¢, the Darcy number,
Da, and the aspect ratio of the enclosure, 4,. They are
defined as

gPrkAT'H' o Ps As’
Ry = SPTEALIL % =
T oy i M Br AT’
1K L
Da = 'LLH/Z, Al- = ﬁ (8)

The Nusselt and Sherwood numbers are respectively
defined by

1
M=o —10,12) ¢
I

(0,-1/2) — S(0,1/2) ©)

Note that, in Eq. (9), Sk represents the solute concentra-
tion difference across the layer induced by the thermo-
diffusion phenomenon; the net mass flux across the
layer being zero.

Sh =
S

3. Numerical method

The solution of the full governing equations is ob-
tained numerically using a finite difference scheme. The
vorticity-stream function formulation is used and the
vorticity equation (Eq. (2)) is written in its transient
form to accelerate the convergence. The solution is ob-
tained iteratively using the alternating direction implicit
method (ADI). The values of the vorticity are calculated
using the Wood’s relation (Roache, 1982). The tempera-
ture and concentration equations (Egs. (3) and (4)) are
also solved using the ADI procedure. Nodal values of
the stream function were obtained, from Eq. (5) via a
point successive-over-relaxation method (PSOR). For
situations where large aspect ratios are considered, a
non-uniform grid was used to capture flow details near
the boundaries.

The results reported in this paper were performed
with 121 x 61 grid for A, =4 and 201 x 81 for 4, > 8.
More details concerning the numerical method and the
relaxation technique are given in the reference by Amah-
mid et al. (1999a).

4. Analytical approach
In the limit of a shallow enclosure (A4, > 1), it has

been demonstrated in the past by several authors (see,
for instance, Cormack et al. (1975) and Amahmid

et al. (1999a)) that the present problem can be signifi-
cantly simplified and analytically solved using the paral-
lel flow approximation. Therefore, in the central part of
the cavity, this approximation leads to the following
simplifications:

Y(x,y) =), T(x,y)=Crx+0r(y) and
S(x,y) = Csx + 0s(y) (10)

where Ct and Cg are respectively unknown temperature
and concentration gradients in the x-direction.

Using the approximation given in Eq. (10), the steady
simplified form of the full governing equations (2)—(4) is
obtained as :

dy d*y
d*0; dy
ET 1
d*0s dy
where
E. = —Rt(Ct + ¢Cs) (14)

The boundary conditions in the y-direction are now
given by

R S 2 dor  dos

T

By solving Egs. (11)—(13) and taking into account the
boundary conditions (15), a closed form solution is ob-
tained as follows:

_E [cosh(Q/Z) — cosh(Qy) 4y 1]

Vo) =75 Qsinh(Q/2) YTy (16)
_E; sinh(Qy)
u(y) =7 [‘m*'%’] (17)

T(x,y) = Crx —y
_ CrE; [sinh(Qy) —Qcosh(Q/2)y Jrz}
3

2 @ sinh(Q/2) 4
(18)
S(xvy) = Csxfyfw
sinh(Qy) — Qcosh(Q2/2)y »* y
[ @ sinh(Q/2) _?JFZ} (19)

where Q = \/%2'

According to Eq. (17), the velocity cannot be zero in
the range 0 < y < 1/2. This implies that only monocellu-
lar flows are possible. It is noted that with the parallel
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flow approximation, the thermal and solutal boundary
conditions cannot be satisfied in the x-direction. Instead,
the expressions for Ct and Cs were determined by con-
sidering that the heat and mass transfer rates across any
transversal section of the porous layer are zero (Trevisan
and Bejan, 1986). This yields

_ Ak and
T 1+BE
—AE (1 + Le)

Cs = 20
ST (1+BE)(1+ BLEEY) (20)

Upon combining Egs. (14) and (20), it is found that

1
P —bj:\/b2—4Le2c]2

21
2BLé? (21)

where h=(1+Le*) — AL*Rr and c¢=1— ARl +
(1 + Le)¢p]. The positive constants 4 and B depend on
the Darcy number as

12
et
6 1 71 1 2 1
gty 1tz 1 2
2o T 3@ o 120 (22)

where = 4Qtanh(Q/2).
Then, the Nusselt and Sherwood numbers are given
by

1 + BE? 1
YT (;— ArZ)E2 and Sh=_—> A(1-BLeEY)
r 5 T B(1+BE2)(1+BLe’ E?)

(23)

In Eq. (21), E; is negative for clockwise flows and po-
sitive for counterclockwise flows. In both situations, the
Nusselt and Sherwood numbers remain the same. For
convenience, only the solution corresponding to positive
E, is considered. The solution with positive sign within
the square root in Eq. (21) will be denoted by E,+ and
the solution with the negative sign by E,-. These two
solutions exist only when the following conditions are
satisfied:

—b+ Vb —4Lc>0 and b —4Lc>0  (24)

According to (24), the existence of three regions in the
¢@—Le plane, that correspond to different parallel flow
solutions, is obtained. In the first region, stationary con-
vection also called supercritical convection (the convec-
tive flow bifurcates from the rest state through a zero
amplitude convection) is possible. The domain that
delineates this region is defined by

-1
(14 Le)(1 + Lé)

The critical Rayleigh number, R}, above which the

convective flow is possible is given by

@ = ¢ (Le) = (25)

Rsup
14+ (14 Le)p
where R*'P = 1/4 and 4 is given in Eq. (22). The second
region indicates that both subcritical and stationary
convection solutions are possible. This region is delim-
ited by

L s !

I+Le S +Lo(1 1 L)
The critical Rayleigh number, R5%, for the onset of sub-

critical flows (the convective flow occurs through a finite
amplitude convection) is given by

Le+1
R = % [Le 12042y —ple—1— go)]RS“p
(28)
Finally, in the third region, only subcritical flows are
possible. This region is defined by
-1

< =
¢ < ¢y(Le) Lo (29)

Ry = (26)

(27)

The subcritical Rayleigh number is given by the same
expression as that for region 2 (Eq. (28)). At this stage,
according to the parallel flow approximation, it should
be recalled that the rest state solution becomes unstable
to finite amplitude perturbations for Ry > RS and
unstable to infinitesimal perturbations when Rt > RyL.

For this type of problem, as discussed recently by
Sovran et al. (2001), a Hopf bifurcation can occur within
the range R}® < Rr < R}E. In the present study, for an
infinite porous layer, the linear stability analysis based
on the Galerkin method, as reported by Mamou et al.
(1998) and Bahloul et al. (2003), is used to determine
the threshold for which the Hopf bifurcation occurs.
Assuming a small perturbation amplitude, the solution
is decomposed into a rest state solution, and the follow-
ing perturbation profile:

W= 0+ e (y)

T = —y+ 00" G(y) (30)
S = —y+ ppe" " G(y)

where F and G are y-dependent functions describing the
perturbation profile, k is the wavenumber and p is the
growth rate. The parameters g, 6y and ¢, are the per-
turbation amplitudes.

The linear governing equations, after neglecting the
second order terms, are obtained as follows:

Vo (55— K2F ) = Dayy (45 — 2K2 45 + K*F)
—ikGR1(00 + @¢o)

p06G + ik F = 0, (3—9 - KZG)

eLepdyG + ikygLe F = (0 — %)(‘{7? _ KzG)



518 M. Bourich et al. | Int. J. Heat and Fluid Flow 26 (2005) 513-525

The corresponding boundary conditions are:

_oF a—G =0 (32)

B
Using the perturbation profiles F and G as the weighted
functions in the Galerkin method, the integrated equa-
tions lead to the dispersion relationship as described in
Mamou et al. (1998) and Bahloul et al. (2003). The onset
of Hopf bifurcation is obtained when the growth rate p
becomes a pure imaginary number p = 0 + iw, where ®
is the circular frequency. Solving the dispersion equation
for the Rayleigh number, the critical Rayleigh number
for the onset of Hopf bifurcation is obtained as follows:

Le+1)
RHOPf — (8 Rsup
€ 7 Le(e + o) (33)

where R™P is the critical Rayleigh number for the onset
of pure thermal convection. The constant R*"'P is found
to depend only on the Darcy number and it reaches its
minimum value when k — 0. For this situation, the
Hopf bifurcation occurs at zero wavenumber and zero
oscillation frequency for an infinite horizontal layer.
However, the frequency is finite for a finite aspect ratio
enclosure but it decreases by increasing 4,. More details
concerning this point are given in the following sections.
From Eq. (33), it is clear that the occurrence of the
oscillatory flow depends not only on Le and ¢ (as it is
the case for RS2 and R3¢) but also on &; it is therefore
obvious that when ¢ < —e¢, this regime does not exist.

5. Results and discussion

The main objective of the numerical simulations con-
ducted in this part of the paper is to validate the results
of the analytical predictions based on the parallel flow
approximation. The influence of ¢, Le and Da on the
critical Rayleigh numbers for the onset of convective
parallel flow and Hopf bifurcation is discussed first.
Then the effect of the governing parameters on the flow
intensity (o) and the heat and mass transfer character-
istics (Nu and S#h), in the different regions previously de-
fined, is discussed.

5.1. Effect of ¢, Le and Da on the critical Rayleigh
numbers

The influence of the separation parameter @on the
critical Rayleigh numbers, R, R and R, is illus-
trated in Fig. 1 for Da =0.01, Le— 10 and &= 0.95.
The curve corresponding to R}”é’ and R}’ shows a
monotonous decrease (slow decrease in the case of
Rfrué’) with @ when this parameter is increased from —1
to +1. Note also that for ¢ =0, the supercritical Ray-
leigh number, R7¥ (¢ = 0) = 1/4, becomes independent

of Le, since the ﬂow depends on the temperature field

1000 ¢
‘,\. 1
\ o=- 3
(1+Loy(1+1Led)
100 | .
F N Hopf
: RT
10 |
— p=—¢
1 1 1 1 1 1 1 1

Fig. 1. Effect of ¢ on the critical Rayleigh numbers for Da =0.01,
¢=0.95 and Le = 10.

sup

solely. As shown in Fig. 1, for ¢ > 0, Ry is lower than
the critical value correspondlng to the pure thermal con-
vection. In fact, for ¢ > 0, the thermodiffusion phenom-
enon has a destabilizing effect which causes an early
appearance of convection. However, for ¢ <0, the sol-
ute transfer has a stabilizing effect and as a matter of
fact the onset of convective flows is retarded (R}Q >
R (¢ = 0)).The evolution of REP" with ¢ is character-
ized by a monotonous decrease from +00 to 12.43 as ¢
increases from —¢ = —0.95 to +1.

The effect of the Lewis number on the critical
Rayleigh numbers is presented in Fig. 2 for Da = 0.01
and &= 0.95. The thresholds of convection, R}E, RYQ
and RLP are obtained, respectively, for ¢ =0.5, —1

100000 f
LONCRE
RSUP
1000 [ ero
B \g
10F
5 SUP/(1+(p)
RSUP
Ol e e e NG
0.01 0.1 1 10 100 1000

Le

Fig. 2. Effect of Le on the critical Rayleigh numbers for Da = 0.01 and
£=10.95.
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and —0.5. The choice of these values of ¢ is imposed by the
different ranges of this parameter for which the various
convective modes (supercritical, subcritical and Hopf
bifurcations) are possible. As shown in Fig. 2, the super-
critical Rayleigh number, R}, decreases monotonically
from its asymptotic limit R®“P/(1 + ¢), obtained for
small Le, to R™P/(Le¢) for large Le. Consequently,
the supercritical Rayleigh number tends towards zero
when Le becomes high enough. Concerning the evolu-
tion of R with Le, it is characterized by a continuous
decrease towards its asymptotic limit R*"P at large Le.
For small values of the latter parameter, the threshold
of subcritical convection can be approximated by the

expression R3® = 2RP[\/p(p + 1) — @) — 1]/Lé?; this

explains why R$¢ — +oo at small Le. The last critical

Rayleigh number, R?gpf, corresponding to the onset of
Hopf bifurcation shows similar evolution with Le as
that described for RS with RIS = eR™ /(e 4 @) as
asymptotic limit at large Le. For small values of Le,
the threshold of Hopf bifurcation can be approximated

by REP" = R /(¢ + &)Le which shows why large values

of R?épf are needed to promote oscillatory convection
for this case.

The evolution of R™P with Da is illustrated in Fig. 3
where it is seen that this parameter increases with Da
and this increase becomes linear with an important slope
for Da > 0.1 (fluid medium). In addition, the variation
of R*"P with Da is characterized by an asymptotic behav-
ior for small Da and the value of the asymptote is 12.
The latter value is well known in the literature for R*"P
in the case of Darcy medium.

5.2. Effect of Rayleigh number
The Rayleigh number, Ry, is a measure of the ther-

mal driving force. It could be varied by changing the

10000

RSP

1000

100

10 M T T S A R T R R A A TR T R A W AT T] R R R AR TR S SRR T

0.00001 0.001 0.1 10
Da

Fig. 3. Effect of Da on R*“P.

heat flux intensity or by considering various working
fluids or different porous media with different per-
meabilities.

The effect of Rt on the flow characteristics and heat
and mass transfer is now examined for different regions.
Fig. 4(a)—(c) show respectively the evolutions of the flow
intensity, o = (0,0), the Nusselt number, Nu, and the
Sherwood number, Si, with Ry for Da = 0.01 and differ-
ent combinations of (Le, ). The parallel flow solutions
presented here are those corresponding to £, = E,+ and
E, = E.. It is noted that the solutions corresponding

8
stable
------ unstable
Yo ¢ numerical
6 -
4t
(Le=10, ¢=-0.5)
ol (Le=10, @=-2)
(Le=2, ¢=-0.33)
(Le=10, p=1)
0
1 10 100 1000 10000
(a) R;
4
Nu stable
3 unstable
numerical
2 L
(Le=10, @=-2)
(Le=10, @=1)
1 /{:_}:, \_W(Le_z, 9=-0.33)
Le=10, ="T) |
(Le=10, ¢=-0.5)
0 1 1 1
1 10 100 1000 10000
(b) R
6
Sh (Le=10, g=-1) (Le=2, ¢=-0.33) —_ Stable
st NG PN (em0 omny unstable
numerical
45 (Le=10, =
3 B i
(Le=10, 9=-0.5) |
2+ .'\\
1
1 10 100 1000 10000
(c) Ry

Fig. 4. Effect of Rt on (a) ¥, (b) Nu and (c) Sh for Da =0.01 in
different regimes.
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to E, = +FE,- were not obtained numerically despite the
multiple trial and errors using different initial condi-
tions. Hence, the solution E, = +F,- is believed to be
unstable. In the following discussion, the solutions
E.=+E.- and E. = +E,- will be termed as ‘“stable”
and “unstable” branches, respectively. The analytical
solutions for Yy, Nu and Sh corresponding to stable
branches are seen to be in excellent agreement with the
numerical ones obtained by solving the full governing
equations.

For (Le, ) = (10,1), which corresponds to region 1,
only the stable branch is existing. The supercritical con-
vection starts from the rest state at Ry = 1.923 and Nu
and Sh tend respectively to the same asymptotic limit
Nu = Sh=3.791 for large values of Ry (Fig. 4(b) and
(c)), while v, increases monotonically with this parame-
ter (Fig. 4(a)). In fact, at sufficiently large values of Rr,
the analytical expression of E,+ can be approximated by

\/AT%—T (34)

which means that £~ and g increase as RIT/ % In addi-
tion, the constants Ct and Cg tend towards zero since
they vary as Ry 2 and R{3/ 2, respectively. For such con-
dition (high Rry), the quantities CrE, and (Le Cs + Ct)E;
reduce to

E+ =

A
CTEr = (Le Cs + CT)Er = —E (35)

As a consequence, the temperature and the concentra-
tion profiles become identical at large Rrt. This explains
why both Nu and S/ (Eq. (23)) lead to the same asymp-
totic value given by Nu = Sh = -2, A similar asymp-
totic behavior has already been reported and discussed
in detail by Amahmid et al. (1999b) in the case of a hor-
izontal Brinkman porous layer submitted to constant
fluxes of heat and mass in the absence of the Soret effect.
In addition, before reaching the asymptotic value, S is
seen to pass through a maximum value Shy,,, = 4.442 at
Rt 2226.94.

The region 2 is illustrated in Fig. 4(a)—(c) by the com-
bination (Le, @) = (2,—0.33). The fluid motion starts
through finite amplitude convection at RS = 51.67.
The stable branch of Sh corresponding to region 2
reaches a maximum value Shy,, =25.569 at Ryt =
68.45. For regions 1 and 2, the analytical expression of
the maximum Ry at which S/ exhibits maximum value
is given by

R R0 +Le)(VLe+ 1)
T eLe(1 + Ve + ¢)

Eq. (36) shows that Rt .x is depending on the parame-
ters Le, Da and ¢. For the unstable branch the quanti-
ties Yo, Nu and Sh are observed to decrease by
increasing Rt and this branch vanishes for Rt >
RYE =2 2307.93. Before its disappearance, the unstable

(36)

solution joins the pure diffusive regime solution. The
limiting expressions of E;, Yo, Nu and Sh corresponding
to the stable branch, in region 2, are similar to those ob-
tained in region 1 when Rt is high enough.

Fig. 5(a) displays the bifurcation diagram in terms of
the flow intensity as a function of the Rayleigh number
for Da=0.01, e=0.5 and (Le, ¢) = (2,—0.33). Accord-
ing to the parallel flow approximation and the linear sta-
bility analysis, the different critical Rayleigh numbers
that delineate different flow regimes for this case are
R =517, RA" = 135.8 and R} = 2307.9. These val-
ues are obtained for an infinite extent layer. For finite
aspect ratio enclosure, i.e. 4, =4 for example, it was
found that, RE" = 142. To compare with the finite
amplitude flows, a numerical solution of the full govern-
ing equations is examined near the threshold of oversta-
bilities. As predicted by the linear stability analysis,
beyond the onset of instabilities, the flow amplitude
grows in an oscillatory manner. The value Rt =145 is
selected for illustration. As shown in Fig. 5(b), the flow
amplitude exhibits exponential growth with oscillation.
For this situation, the convective flow circulation is
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Fig. 5. Bifurcation diagram (a) and oscillatory flows near the onset of
Hopf bifurcation (b) for Da=0.01, ¢=0.5, (Le,p) =(2,—0.33) and
A, =4.
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changing from clockwise to counterclockwise direction
or vice versa. This is in agreement with the linear stabil-
ity prediction. However, as the time goes, it was ob-
served that when the non-linear effects become
significant, the oscillatory flows bifurcate towards steady
monocellular or multi-cellular flows (results not
presented).

At the early stage of convection, the oscillation fre-
quency is observed to decrease drastically with the in-
crease of the aspect ratio A,. For 4. =4, 8§ and 12 the
oscillation period is obtained respectively as 7 =10.7,
40.4 and 96.0. For relatively large aspect ratio enclosure,
a mathematical correlation is derived as © = 0.6647. The
latter demonstrates clearly that the oscillation frequency
vanishes (f; = 2zn/t) for an infinite layer, which is in
agreement with the linear stability analysis prediction.

As can be derived from Egs. (26) and (33), the codi-
mension-2 point at which overstabilities and stationary
convection coexist, is obtained as follows:

Le(Le + 1 1 -1
= Mmup and g=——
eLe(Le+1)—1 ele(Le+1)+1
(37)

T

The above expressions demonstrate that overstabilities
set in only for negative separation ratio. Eq. (33) shows
that, when ¢ < —¢, overstabilities do not exist and the
system becomes unconditionally stable. However, the
parallel flow approximation, which is regarded as a non-
linear stability analysis, showed that there exists a
threshold for convection above which the system be-
comes unstable to finite amplitude perturbations. Also
it is worth to mention that, according to the numerical
solution (not given here), Bénard convection (muticellu-
lar flows) within the porous layer is possible and be-
comes the preferred mode far from the criticality.

Finally, in region 3, represented by the combinations
(Le, ) = (10,-0.5), (10,—2) and (10,—1) in Fig. 4(a)-
(c), the stable and unstable branches exist for any value
of Rt > R. In this region, the quantities Nu and Sh
that correspond to the stable branch exhibit also asymp-
totic behaviors with Rt, which are similar to those ob-
served for the stable branches in regions 1 and 2. For
the unstable branch and high values of Rr, the expres-
sion of E.- can be approximated as

E- = £\/—[1 + (1 + Le)o|/B/Le (38)

Then, Yo, Nu and Sh have an asymptotic evolution with
Rt and the asymptotic values depend on Le, Da and ¢.
Note that the three values of (Le, @) were presented in
Fig. 4(a)-(c) in region 3 because they lead to different
behaviors in terms of Sherwood number. In fact,
depending on the range of ¢, the Sherwood number cor-
responding to the stable branch (Fig. 4(c)) may be lower
than, higher than or identical to the one corresponding

to the unstable branch for —1 < ¢ < —ﬁ, p<-1
and ¢ = —1, respectively. In addition, for the stable
branch, Sh passes through a maximum at Rt = R
(Eq. (36)) and Rt = R} (Eq. (26)) for —1 < ¢ <
and ¢ < —1, respectively.

By comparing the asymptotic behaviors observed in
the three different regions, the velocity increases as R/
(for large Rr) for the stable branches, whereas the tem-
perature and the concentration profiles (and thereby
Nu and Sh) become identical and independent of Rr,
Le, ¢ and the considered region. The asymptotic values
of Nu and Sh for these branches are such that Nu =
Sh = BI(B— A%). For the unstable branches in region
3, the velocity, temperature and concentration profiles
become independent of Rt but remain dependent on
Da, Le and ¢, for large Rr.

The evolution of Sh with Rt can be explained by
examining each term of the solute equation (Eq. (4)).
According to the parallel flow approximation, the solute
equation indicates that the mass transfer is ruled by the
competition between the convective mass transfer,
the solutal diffusion and the Soret effect. Eq. (4) reduces
to

1
1+Le

1. 1, as
_ AT =y =
VS - VT =ug (39)

The integration of Eq. (39) from y = —1/2 to y, leads to

& oy~ LeCs [ u(y)dy = Le Csyy(») (40)

1/2
Integrating Eq. (40) from y = —1/2 to y = 1/2, yields

11 ALe(1+Le)E;
Sh Nu (1+BE*)(1+BLe*E?)

Eq. (41) implies that, independently of Ry, Le, Da and
@, Sh = Nu (i.e. AS’ < AT'). The maximum of Sh is
reached when the convective effect is important. By
increasing Rt, the convective mass transfer in the hori-
zontal direction, represented by the second term on
the right-hand side of Eq. (41), increases from zero in re-
gion 1 and from positive values in regions 2 and 3 to-
wards a maximum value obtained at Rrc max = Lleffjw).
Above this threshold, the convective mass transfer de-
creases towards zero when Ry becomes high enough.
Consequently, the solute equation represents now only
a balance between solutal diffusion and Soret effect
which explains the same asymptotic limit observed for
Nu and Sh. However, for intermediate values of Ry in
the vicinity of Rrc max, the convective mass transfer term
is important, which explains the maximum value of Sh.
According to the above results, we conclude that the
Soret effect can change significantly the concentration
distribution inside the cavity. Note that, the maximum
is not observed for S in the absence of thermal diffusion
effect (Amahmid et al., 1999b).

(41)
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5.3. Effect of Lewis number

The Lewis number describes the relative importance
of the thermal diffusivity with respect to the solute diffu-
sivity. This parameter depends on the nature of the
working fluid and its mean temperature. The Lewis
number could be also varied by changing the mean sol-
ute concentration within the porous layer.

Some interesting asymptotic behaviors of the parallel
flow, observed at small and large values of Le, are dis-
cussed. The asymptotic results, corresponding to
Le — 0, depend on the region considered. In region 1
(¢ > —1), the unstable branch is absent and the constant
E.+, corresponding to the stable branch, can be approx-
imated by

Ep = 4\/A[R:(1 + ¢) — 1]/B (42)

This implies that, when Le — 0 the flow intensity and
Nu and Sh depend on Ry, Da and ¢. In addition, the
constants Cr and Cs have the same limit leading to iden-
tical profiles for the temperature and concentration.
These profiles, can be deduced by introducing

ErCT = Er(CT + Le Cs)
= [1 = 4Rr(1 + ¢)/[ABR<(1 + ¢)] (43)

in Egs. (18) and (19). As a result, Nu and Sh exhibit the
same limits. In region 3 (¢ < —1), the asymptotic limits
depend on the considered branch. The parameter E,+
corresponding to the stable branch at small Le and
Ry = R{Q(p = —1) reduces to

Ep =42 (44)
B

As R}® — 400 when Le — 0, then |E.+| — +oo, |l
— +o0 and the asymptotic values of Nu and S/ tend to-
wards B/(B — A%). In addition, when Le — 0, the limit-
ing expression of the parameter E,- is given by

E. =~ +\/—(1+ ¢)/B/Le (45)
Consequently, the limiting values of o, Nu and Sh are
identical to those corresponding to the stable branch
discussed above for ¢ < 1.

At large values of Le, the asymptotic limits depend on
the sign of ¢. For the case of opposing thermal and sol-
utal buoyancy forces (¢ < 0), both stable and unstable
branches exist. The constant £,- tends towards its pure
thermal convection value (¢ = 0) given by

E. = +\/(ARy — 1)/B (46)

which becomes independent of ¢ at large Le, but it re-
mains dependent on Rr and Da. Therefore, the flow
and the heat transfer rate are those of pure thermal con-
vection showing negligible effect of the Soret effect. The
concentration profile depends on Rt and Da and its
expression is obtained by introducing the relation

E.Le Cg= —1/BRt in Eq. (19). The asymptotic limit of
Sh corresponding to the stable branch, which depends
only on Da, is given by Sh= BI(B — A°). For Le — +
00, the parameter E,- can be approximated by

ARTQD

Er =ty |-t
B(1 — ARy)Le

(47)

Thus, Eq. (47) shows that E, varies as Le 2. This
means that the fluid flow and the heat transfer rates
are identical to those corresponding to the pure diffusive
regime (Yo =0, Nu = 1) while the concentration profiles
and the mass transfer are identical to those of the stable
branch. For ¢ > 0, the solute is destabilizing, the unsta-
ble branch does not exist and the limiting expression of
E.+ depends on Rt solely when Le — +oo. The expres-
sions of E, are given by Eqs. (46) and (47) for
Rr >Ry (¢p=0)=1/4 and Rr < R}E(p =0)=1/4,
respectively. For Rt = R7E(¢ =0) = 1/4, the limiting
expression of E; is given by:

E. =~ +\/(\/o/Le)/B (48)

This implies that, at large Le, the heat transfer rate and
the flow intensity are identical to those corresponding to
pure thermal convection and pure diffusive regime for
Rr >Ry (¢ =0) and Rt < R3% (@ =0), respectively.
However, the concentration profile and the Sherwood
number, obtained at large Le, are independent of Rt
and they are identical to those obtained with ¢ < 0.

5.4. Effect of Darcy number

The Darcy number, Da, depends directly on the per-
meability of the porous material and the width of the
layer. It is very small for well packed porous medium
and relatively large for sparsely packed porous medium.
For small value of Da, the viscous effects are confined
within a thin layer near the boundaries.

The effect of Da on Yy, Nu and Sh is illustrated
respectively in Fig. 6(a)-(c) for Rr=100 and
(Le, ) = (10,0), (1.5,—0.2) and (10,—0.5). The combi-
nation values of (Le, @) correspond respectively to re-
gions 1, 2 and 3. It can be seen that the numerical
results are in excellent agreement with the analytical
ones corresponding to the stable branch. The quantities
Yo, Nu and Sh decrease by increasing Da, for the stable
branch. However, for the unstable branch, (when it ex-
ists), the effect of Da remains negligible in general. Note
also that, for each region, the parallel flow solution van-
ishes when Da exceeds a critical value, Dac. Fig. 6(a)—(c)
show also that for (Le, ¢) = (10,0), which corresponds to
the case where the flow is induced by the thermal con-
vection, Dac = 0.1153 and the only possible solution is
that of the stable branch which tends towards the rest
state solution as Da approaches Dac. For region 1, the
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Fig. 6. Effect of Da on (a) o, (b) Nu and (c) Sh for Ry =100 in
different regimes.

critical value, Dac, can be computed (for given Ry, Le
and ¢) by solving the following equation

1
AlDac) = g (T T Le] 49)

For region 2, illustrated by (Le, ¢) = (10,—0.2) in Fig.
6(a)—-(c), the stable branch exists for 0 < Da<
Dac = 0.0525 while the unstable branch exists only for

0.0462 < Da < 0.0525. In fact for this region, there ex-
ists a critical value of Da, below which the unstable
branch disappears. Note that the convective solution
corresponding to the unstable branch starts from the
rest state at Da = 0.0462. For the case corresponding
to (Le,p)=(10,—0.5), both stable and unstable
branches exist for 0 < Da < Dac = 0.02667 and the con-
vective solution bifurcates through finite amplitude con-
vection when Da = Dac. For regions 2 and 3, Dac is
obtained by solving the following expression

Le+1
A(Dac) = W[Le -1 —2(P+2\/ —(/)(Le —-1- ([))]

(50)

5.5. Effect of the separation parameter ¢

The separation ratio, ¢, can be widely varied by
changing the mean solute concentration or the mean
temperature of the system.

The influence of the Soret effect on the flow intensity
and heat and mass transfer rates is examined for given
values of Ry, Le and Da. Fig. 7(a)—(c) illustrate the evo-
lution of Y, Nu and Sh with ¢ for Rt = 100, Da = 0.01
and Le=0.1 and 10. The figures show an excellent
agreement between the numerical and analytical results
corresponding to the stable branch. For Le = 0.1, the
stable branch, which is the only existing solution for this
case, starts from the rest state in region 1, at
¢c, = —0.693. This critical value of ¢ can be computed
by the following expression

1 — ARy

(;DCI :(1+L€)ART (51)

which is valid only when Rt < R}"(¢¢,). This means, in
view of Eq. (26), that

1 +Lé
ALé?
The increase of Y, Nu and Sh, which have different
behaviors, starts from ¢ = ¢¢. The increase of  with
¢ is monotonous while that of Nu and Sh exhibits

asymptotic behavior. At sufficient large values of ¢,
the limiting expression of E,+ is given by

VAR (1 +Le)q)r (53

Ble

Ry < (52)

E. =

which implies that £+ and , increase as qoi. Further-
more, the constants Ct and Cg tend towards zero since
they vary as ¢ % and ¢4, respectively. The terms CrE,
and (Le Cs + Ct)E, reduce to

A

CTEr = (Le Cs + CT)Er = —E (54)
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implying that, for this limit, the temperature and con-
centration profiles become identical and, consequently,
Nu and Sh have the same asymptotic value given by

B
B—A4*

Note that, although the asymptotic limit is the same
for Nu and Sh, their evolution towards this asymptote
presents some difference. These two parameters increase
first significantly between ¢ and ¢ =5 and then
slightly when ¢ becomes large. However, the slow vari-
ation of Nu towards the asymptote is characterized by a

Nu = Sh = (55)

monotonic increase while SA passes through a maximum
and decreases slightly towards the asymptotic value. For
given values of Ry, Le and Da verifying the inequality of
Eq. (52), the expression of ¢,.x at which the mass trans-
fer rate reaches its maximum is given by

(1++VLe)[Le + VLe(1 + Le) + Le*(1 — ARy)]
(pmax = 2
AlLe RT

(56)

For Le = 10, both stable and unstable branches exist
and the subcritical convection occurs at ¢, which can
be computed by solving the following expression

(1 — ARt)Le* — 1

® = _(p(Le -1- QD) = 2(L€+ 1) (57)

The above expression is valid for Ry > R3¢ (¢, ), which
corresponds to the following condition

(1+Le)
ALé?

The critical value, ¢c,, is —5.68 for the values of Rt and
Le considered here. Qualitatively and quantitatively, the
behaviors of o, Nu and Sh change significantly by
increasing Le. Starting from ¢c,, the variations of
and Nu corresponding to the unstable branch are char-
acterized by a continuous decrease towards the diffusive
regime at ¢c, = 0.07 (Eq. (51)). However, the evolution
of Sh in the range ¢c, < ¢ < @, is different when com-
pared to those of ¥ and Nu; it is characterized by a
slight increase with ¢ followed by a drastic decrease to-
wards the diffusive regime (Sh = 1). Concerning the sta-
ble branch, the monotonous increase of )y, with ¢ is
slower than that observed for Le = 0.1 and Nu and Sh
have the same asymptotic limit. Their evolution towards
the asymptotic value are characterized by a slight in-
crease and decrease, respectively. Referring once again
to Fig. 7(c), we note that, for ¢ < —1, Sh corresponding
to the unstable branch is higher than that of the stable
branch and the reverse is observed for —1 < ¢ < ﬁ
However, at ¢ =—1, the value of Sh is the same for
the two branches.

Rr > (58)

6. Conclusion

Soret driven thermosolutal convection in a horizontal
porous layer subject to vertical constant flux of heat has
been investigated analytically and numerically using the
Brinkman-extended Darcy model. In the limit of a shal-
low enclosure, the analytical solution based on the paral-
lel flow assumption is found to be in good agreement
with the numerical results corresponding to the stable
branches. The thresholds for the onset of stationary
and finite amplitude flows are determined analytically
as a function of Le, Da and ¢. Similarly to the Darcy
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medium, it is found that the p—Le plane can be divided
into three regions corresponding to different parallel flow
regimes. In the first region, only the supercritical convec-
tion is possible. In the second region both supercritical
and subcritical convection are possible. However, in
the third region, only subcritical convection exists. The
threshold of Hopf bifurcation is obtained using the linear
stability analysis, the wavenumber and the oscillation
frequency vanish at the onset of overstabilities for an
infinite horizontal layer. It is found that the increase of
the Darcy number delays the onset of the convective re-
gimes. At large Rt and ¢, the Nusselt and Sherwood
numbers corresponding to the stable branches have the
same asymptotic limit Nu = Sh = B/(B — A°) which de-
pends only on Da. Depending on the value of ¢, the
Soret effect can affect considerably the characteristics
of the fluid flow and the heat and mass transfer.
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